In this article we prove the stability of mean field systems as the Winfree model in the synchronized state. The model is governed by the coupling strength parameter κ and the natural frequency of each oscillator. The stability is proved independently of the number of oscillators and the distribution of the natural frequencies. In order to prove the main result, we introduce the positive invariant cone and we start by studying the linearized system. The method can be applied to others mean field models as the Kuramoto model.
Introduction and Main result
In 1967 Winfree [8] proposed a mean field model describing the synchronization of a population of organisms or oscillators that interact simultaneously [1, 7] . The mean field models are used, for example, in the Neurosciences to study of neuronal synchronization in the brain [2, 3] . The Winfree model is given by the following differential equatioṅ
where n ≥ 1 is the number of oscillators, the mean field part σ is defined by σ(z) := 1 n n j=1 P (z j ), ∀z = (z 1 , . . . , z n ) ∈ R n , P and R are C 2 2π-periodic functions, x i (t) is the phase of the i-th oscillator, and x(t) = (x 1 (t), . . . , x n (t)) is the global state of the system. The natural frequencies ω i are chosen in (1 − γ, 1 + γ) with γ ∈ (0, 1). The coupling strength κ is taken in the interval (0, 1). The stability studied in this article takes the meaning of Lyapunov's stability. In the second Section, we start by introducing the ingredients to study the Winfree model's stability. In the last Section we prove the Main result. Now, we define the invariant set and the positive stability. Let n ∈ N * and let F : R n → R n be a C 1 function and denote dF its Jacobian such that max{ sup
where . is the usual matrix norm. Let φ t : R n → R n be the flow of the following autonomous systemẋ = F (x), t ≥ 0.
Definition 1. Consider the system (2) and let C ⊂ R n be an open set. We say that C is φ t −positive invariant if φ t (C) ⊂ C for all t ≥ 0.
Definition 2.
[Stability] Consider the system (2) and let C ⊂ R n be an open set. We say that the system(2) is C−positive stable if C is φ t −positive invariant and
Denote Φ t the flow of the Winfree model (1). In [5] the existence of the synchronization state of the Winfree model is proved independently of the number n and the choice of natural frequencies. More precisely, if the Winfree model (1) satisfies the synchronization hypothesis H :
where the locking bifurcation critical parameter κ * is defined by
then there exists an open set U in the space of parameters (γ, κ) ∈ (0, 1) × (0, κ * ), independent of n, containing in its closure {0} × [0, κ * ], such that for every n ≥ 1 and every parameter (γ, κ) ∈ U there exist D ∈ (0, 1) and a Φ t −positive invariant open set C n γ,κ independent of choice of natural frequencies (ω i ) n i=1 and of the form,
where ∆ γ,κ : R → (0, 1) is C 2 2π-periodic function and solution of
The periodic function ∆ γ,κ satisfies max
Further, for all (γ, κ) ∈ U , x(0) ∈ C n γ,κ and t ≥ 0 we have 1−γ −CκD−κ/κ * > 0 and |1−κP (µ x (t))R(µ x (t))−μ x (t)| < γ +CκD, (5) where µ x (t) := 1 n n j=1 x j (t). In the following Main result, we show that the Winfree model is C n γ,κ −positive stable when the synchronization hypothesis H is satisfied and when (γ, κ) ∈ U .
Main result. Consider the Winfree model (1) and assume that the hypothesis H is satisfied. Then for every parameter (γ, κ) ∈ U , for every n ≥ 1 and every choice of natural frequencies (ω i ) n i=1 the Winfree model (1) is C n γ,κ −positive stable, where the open set C n γ,κ is defined by equation (3) . Note that, the periodic system's stability as Winfree model implies φ t (x) = ρt + p x (t) where ρ ∈ R n is the rotation vector and p x (t) is an almost periodic function; for more details, see [4, 6] . The existence of a synchronized periodic orbit on the torus with initial condition in C n γ,κ of the Winfree model is proved in [5] .
Invariant cone and stability
In this Section we study the stability by introducing the positive invariant cone. Under some hypothesis, we prove that the system (2) is stable if its linearized admits such an invariant cone. The next independents Propositions are the main ingredients to study the linearized Winfree model's stability. In this Section we consider the linear systeṁ
where t 0 ∈ R and A(x, t) := {a i,j (x, t)} 1≤i,j≤n is a continuous n × n matrix function of x ∈ C ⊂ R n and the time t ≥ t 0 . For all x ∈ C let Ψ t x the flow of the system (6). Now, we define the positive invariant cone
. . , n} and consider the linear system (6). We say that the cone V + is Ψ
The stability of the linear system (6) in the following Definition is equivalent to the stability of Definition (2); just the linear system is not autonomous.
Definition 4.
Consider the linear system (6) and let Ψ t x be its flow. We say that the system(2) is linearly C−positive stable if
In the next proposition, we state the stability of class of nonlinear systems using the invariant cone V + .
Proposition 5. Consider the system (2) and put F := (f 1 , . . . , f n ). Suppose that there exists a φ t −positive invariant open set C ⊂ R and there exists α > 0 such that
Let x ∈ C and let Ψ t x be the flow of the linearized systeṁ
Suppose that the cone V + is Ψ t C −positive invariant, then the system (2) is C−positive stable.
To prove the Proposition 5 we use the next Lemma which gives a sufficient condition of the stability of the system (2) as defined in Definition 2.
Lemma 6. We consider the system (2). Suppose that there exists an open φ t −positive invariant set C ⊂ R n such that the linear systeṁ
is linearly C-positive stable. Then the system (2) is C−positive stable.
Proof. The system (2) can be written as
Since the linear system (8) is linearly C-positive stable. Then
Finally, use the fact z(s) ∈ C and use equation (9) to obtain
which implies that the system (2) is C−positive stable.
Proof of Proposition 5. By hypotheses V + is Ψ t C −positive invariant. Then there exists a control time δ ≥ 0 such that for all x ∈ C there exists t
Let α > 0 satisfying the hypotheses of the present Proposition and put η := 1 α . Let x ∈ C, y ∈ R n and denote
On the one hand, z + := (z
On the other hand,
Knowing that max{ F (φ t (x)) , dF (φ t (x)) } ≤ r we obtain
where λ := ηr exp(rδ). The linearized system (7) is linearly C−positive stable. Lemma 6 implies that (2) is C−positive stable.
We have shown in the previous Proposition that the system is stable when the cone V + is invariant under the flow of its linearized. We show in the next Proposition one case of a linear systems such that the cone V + is invariant under the flow. The linear systems in the next Proposition play the role of the linear system (7) of Proposition 5.
Proposition 7.
Consider the linear system (6). Suppose that there exist a continuous 1-periodic functions p, β : R → R such that β is a positive function and such that for all t ≥ t 0 max 1≤i,j,l,k≤n
Suppose that there exist d > 0 and a positive 1−periodic function θ such thaṫ θ = −np(t)θ + 2ndβ(t) and θ(t) < d, ∀t ≥ t 0 .
Then the cone V + is Ψ 
Let be x ∈ C and recall that Ψ t x = (Ψ t 1,x , . . . , Ψ t n,x ) is the flow of the system (6). LetV + be the interior of the set V + and let be y ∈V + . Putμ(z) = n j z j for all z = (z 1 , . . . , z n ) ∈ R n . By continuity, ∃t > t * : Ψ s−t * x (y) ∈V + , ∀s ∈ [t * , t).
Let define
T := sup t > t * , Ψ s−t * x (y) ∈V + , ∀s ∈ (t * , t) .
By uniqueness of solutionμ(Ψ s−t * x (y)) > 0 for all s ∈ [t * , T ]. The proposition is proved if we prove that T = +∞. By contradiction, suppose that T < +∞, then Ψ
Use Equation (6), we obtain for all 1 ≤ i ≤ n and t ∈ [t * , T ) the following equations By hypothesis (10), we have |na i (s) − a(s)| < nβ(s) and θ(t * ) < d, therefore
To obtain Ψ T −t * x (y) ∈V + and get a contradiction with (13), it is sufficient to prove that z(T ) ≤ θ(t * ), knowing that y i > 0. For that, we use the comparison principle of differential equations. By Equation (12), the strategy is to prove that z(T ) ≤ θ(T ). Since θ(t * ) is a maximum of θ theṅ θ(t * ) = 0. By definition of the function a(t) and by hypothesis (10), we have −a(t) < −np(t) + nβ(t) for all [t * , T ) and θ(t * ) < d, thereforė
Then there exists ǫ > 0 such that z(t) < θ(t) for all t ∈ (t * , t * + ǫ). Let defineT := sup t > t * , z(s) < θ(s), ∀s ∈ (t * , t) .
Proving thatT ≥ T . By contradiction, ifT < T , then z(T ) = θ(T ). That implieṡ
There exists t <T close enough toT such that z(t) > θ(t). We have obtained a contradiction. ThenT ≥ T and z(T ) < θ(T ) ≤ θ(t * ). By Equation (14), we deduce that Ψ T −t * x (y) ∈V + . Contradiction with the definition of the point T . We have Ψ t−t * x (y) ∈V + for all t ≥ t * and all x ∈ C. By continuity of the flow, we have then proved that Ψ t−t * x (y) ∈ V + for all y ∈ V + , all t ≥ t * . and all x ∈ C. In the other word, we have proved that the cone V + is Ψ t−t 0 C −positive invariant.
Proof of the Main result
We prove in this Section the Main result of Section 1. For this, we consider the Winfree model (1) and recall that Φ t is its flow. Without loss of generality we put x = (x 1 , . . . , x n ) := Φ t (x). As is stated in the Main result, we will focus on the case when the Winfree model satisfies the hypothesis H . To prove the Main result, for (γ, κ) ∈ U and x ∈ C n γ,κ (as defined in equation (3)) we consider the linearized Winfree model
where W(z) := −κσ(z)(R(z 1 ), . . . , R(z n )) for all z = (z 1 , . . . , z n ) ∈ R n . The next Lemma shows that the linearized Winfree model (15) can be written as the linear system of Proposition 7. In the Lemma (9), we prove then the cone V + is positive invariant under the flow of the linearized Winfree model. Finally, we use Proposition 5 to prove the Main result.
Lemma 8. Let n ∈ N * and assume that the Winfree model (1) satisfies the hypothesis H. Then for all (γ, κ) ∈ U and all x ∈ C n γ,κ there exist an homeomorphism t → s := µ x (t) and a change of variables of the form
where s → t := τ x (s) is the inverse function of µ x such that the linearized Winfree model (15) is equivalent to
and such that the matrix functionÃ(x, s) = {ã i,j (x, s)} 1≤i,j≤n satisfies max 1≤i,j,l,k≤n
where D and α(γ, κ, D) are defined in Equation (4).
Proof. Let (γ, κ) ∈ U , x ∈ C n γ,κ and consider the linearized Winfree model (15). Let A(z) := {a i,j (z)} 1≤i,j≤n be the matrix function defined by
The Jacobian dW(z) = {w i,j (z)} ≤i,j≤n , z ∈ R n , of the field W is defined by
Denote µ x (t) := 1 n n j=1 x j (t). Since (γ, κ) ∈ U and by equation (5) 0
Consider the change of variable t → s := µ x (t) and put w(s) := y(τ x (s)) where τ x is the inverse function of µ x . We have 
where the matrix function H(x, s) = {h i,j (x, s)} 1≤i,j≤n is defined by
Now consider the change of variables
In terms of the new variables the linear system (17) and so the linearized Winfree model (15) are equivalent to the linear system (16) where the matrix functionÃ(x, s) = {ã i,j (x, s)} 1≤i,j≤n is defined bỹ
Recall that max
Use Equation (5) and the Mean Value Theorem to get for all 1 ≤ i, j, k, l ≤ n the following inequality
where
2nD .
Lemma 9. Let n ∈ N * and assume that the Winfree model (1) satisfies the hypothesis H. Let (γ, κ) ∈ U , x ∈ C n γ,κ and let Ψ t x be the flow of the linearized Winfree model (15). Then the cone V + is Ψ t C n γ,κ −positive invariant.
Proof. The strategy is to use Proposition 7. Let (γ, κ) ∈ U and x ∈ C n γ,κ . Lemma 8 implies that the linearized Winfree model (15) is equivalent to the linear system (16) such that the matrix functionÃ(x, s) = {ã i,j (x, s)} 1≤i,j≤n satisfies max 1≤i,j,l,k≤n
Let ∆ γ,κ (s) the positive 2π−periodic function as defined in Equation (4) . By definition of the locking bifurcation critical parameter κ * , we have
Let θ be the positive 2π−periodic function defined by
Knowing that θ ∞ ≤ ∆ γ,κ ∞ < D, by Equations (4) and (18), we finḋ Recall that τ x is the inverse function of µ x . We deduce that for all x ∈ C n γ,κ (P (x i ) − P (x j ))R(x i ).
Using the Mean Value Theorem, we obtain for all (γ, κ) ∈ U and 1 ≤ i ≤ n, 0 < 1 − γ −CκD − κ/κ * < ω i − κσ(x)R(x i ) < 1 + γ + κC, ∀x ∈ C n γ,κ , ∀t ≥ 0. On the other hand, by Lemma 9, for all (γ, κ) ∈ U the cone V + is Ψ t C n γ,κ −positive invariant. Proposition 5 implies that the Winfree model (1) is C n γ,κ −positive stable for all (γ, κ) ∈ U .
Conclusion
We have studied the stability of the Winfree model in its synchronized state. The method based on the study of the linearized system's stability. We have introduced the V + invariant cone. The invariance of the cone V + is a sufficient condition of the stability of the linear system (Proposition 5). To obtain the stability of the Winfree model we have proved that V + is invariant under the flow of its linearized system.
